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Abstract 

To understand an emergent spacetime is to understand the emergence of locality. 
Entanglement entropy is a powerful diagnostic of locality, because locality leads to a 
large amount of short distance entanglement. Two dimensional string theory is among 
the very simplest instances of an emergent spatial dimension. We compute the entangle¬ 
ment entropy in the large N matrix quantum mechanics dual to two dimensional string 
theory, in the semiclassical limit of weak string coupling. We isolate a logarithmically 
large, but finite, contribution that corresponds to the short distance entanglement of 
the tachyon field in the emergent spacetime. From the spacetime point of view, the 
entanglement is regulated by a nonperturbative ‘graininess’ of space. 
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1 Introduction 


Locality is a key ingredient of conventional quantum field theories. To show that a given 
theory of quantum gravity exhibits an emergent semiclassical spacetime, an essential aspect 
to be understood is the emergence of local dynamics in the emergent spacetime. A robust 
and universal probe of locality is entanglement entropy. In a quantum system with degrees 
of freedom at all scales, such as a quantum field theory, local interactions imply a large 
amount of short distance entanglement in the ground state mm- This suggests the following 
strategy: Suppose we are given a quantum state that is a candidate to describe an emergent 
spacetime (say, the ground state of AA = 4 SYM theory [ 3 ] or the ground state of BFSS 
matrix quantum mechanics S)- To ‘find’ the locality of the emergent spacetime within 
this state, that is, to identify the degrees of freedom that interact locally in the emergent 
spacetime, what we must do is identify strongly entangled degrees of freedom in the state. 

In this paper we will implement the above strategy in the simplest possible example of 
emergent spacetime. This is the emergence of spacetime in two dimensional string theory 
from the matrix quantum mechanics of a single large N matrix. While relatively simple, 
this duality can be thought of as the baby cousin of the AdS/CFT correspondence. We 
will see that it illustrates how quantum gravity can provide nonperturbative cutoffs on UV 
divergences that appear due to short distance entanglement in quantum field theory. 

The low energy (compared to the string scale) effective target space action for two 
dimensional bosonic string theory takes the form mm 

S = j dtdx [r + A (V$)^ + 16 - {VTf + - 2V{T)^ . (1) 

The fields are the metric g, ‘tachyon’ T and dilaton 4>. This theory has only one propagating 
degree of freedom, which we can consider to be the tachyon. The background of interest is 
the linear dilaton solution together with a tachyon condensate 

gtiu = Vtiu, $ = 2x H- , T = g (^x + H-. (2) 

The dots indicate that the solution can only be trusted in the regime of weak string coupling 

gs = e'^ ^ , ( 3 ) 

which becomes small as x —)> —oo. The relative coefficients of the two terms in the tachyon 
profile are fixed by nonlinearities in the tachyon action [6]. The single free parameter g in 
the background determines the string coupling at the ‘tachyon wall’ (x « — ^log^u) to be 
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ffeS. ~ Therefore, // —)• cx) is a weakly coupled limit in which scattering off the tachyon 

wall can be described perturbatively. 

Our objective in this paper is the following. We will evaluate the entanglement entropy of 
a spatial interval of length Ax = X 2 — X 1 that is to the left of the tachyon wall (2x < — log /r) 
and in the weakly interacting limit ^ 00 . In this regime the spacetime is semiclassical and 

so the entanglement entropy of a spatial region makes sense. About the background Q the 
tachyon is a massless field. The nonlinearities of the tachyon action can still be important 
close to the tachyon wall, however, and couple linearized fluctuations of the tachyon to the 
non-translation-invariant tachyon background (§. These effects become small in the limit 
X —>■ — 00 . In this limit, with weak string interactions and weak nonlinearities, we expect to 
find the entanglement entropy of a two dimensional massless scalar [7] 


S 


1 , Ax 

-log-, 

3 e 


(x —)■ — 00 , Ax fixed). 


( 4 ) 


Here e is a UV cutoff. The semiclassical spacetime computation of this quantity is simply 
divergent and cannot see the cutoff. We will instead obtain the result Q, complete with an 
explicit cutoff, from the full underlying quantum state out of which the spacetime emerges. 


Our result is given in equation (39) below. This result includes the effects of the broken 
translation invariance. To compare with (Q we can again take the limit x —)• — 00 . Our 
result simplifies to 


3 \/gs{xi) gs{x2) 


(x —)■ — 00 , Ax fixed). 


( 5 ) 


A similar result (with xi ~ X 2 ) has been given some time ago in the prescient papers 


BM- Our result ( |39[ ) is more precise and we believe our treatment is more transparent, 
although the essential physics is the same as that discussed in BM- The finite answer for 
the entanglement indicates a fundamental nonperturbative ‘graininess’ of spacetime at the 
scale set by the string coupling gig = e* <C 1. It is natural to think of this scale as the 
de Broglie wavelength of the D-particles in the theory, whose condensation has created the 
spacetime mm- Also, because the dominant short distance entanglement comes from the 
boundaries of the region [xi,X 2 ], it is natural that the cutoffs in ([^ are set by the string 
coupling evaluated at the endpoints xi and X 2 . 

The worldsheet string theory describing the background ([^ is Liouville theory coupled 
to c = 1 matter. By discretizing the worldsheet, this theory is equivalent to a certain 
matrix quantum mechanics tuned to a critical point in a double scaling limit, as reviewed 
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in [lainiiiiin]. The matrix quantum mechanics has the action 


S 


PN / dt ti 




(6) 


Here M is an N x N Hermitian matrix and /3 is a coupling. We can restrict to singlet 
states, for instance by gauging the time derivative. The singlet states can be described 
by the eigenvalues of the matrix M. These eigenvalues experience the usual Vandermonde 
repulsion. For the quantum mechanics Q of a single matrix, the Vandermonde repulsion is 
equivalent to Pauli exclusion of fermions. The dynamics of the eigenvalues can therefore be 
formulated as the dynamics of N non-interacting spinless fermions with second-quantized 
Hamiltonian 


H = PN d\ 


1 dTt 


2(/3V)2 dX dX 


( 7 ) 


The emergent spacetime in which the string theory 0 lives is in fact the Fermi surface of 
this theory, and the tachyon held is the bosonization of the fermion dynamics, describing 
density huctuations of the Fermi surface. However, in order to obtain a continuum limit of 
the string theory worldsheet, one must take a certain double scaling limit of the fermion 
theory Q. 

The fermions hll up a well in the potential H(A). At some critical /3c, the Fermi energy 
€f comes close to a local maximum Cc of the potential. In this regime there is a logarithmic 
divergence in the density of states. These large numbers of states must be populated to 
generate the worldsheet continuum limit. The double scaling limit we take is then N —?■ oo, 
[3 —)> [3c, holding /r = j3N[ec — cf) fixed. In this limit the fermion Hamiltonian describes 
fermions in an inverted harmonic oscillator potential: 


H - (3NeF 


dX 


1 d^' 

2 d\ dX 


\2 

-k 


( 8 ) 


We have allowed ourselves to rescale the fermion fields and to rescale the coordinates as we 
zoom into the region close to the local maximum of the potential (see e.g. m)- The ground 
state of Q is a Fermi sea in the inverted oscillator potential. The Fermi sea is populated 
up to a distance /r from the top of the potential. We will work with the original bosonic 
(and ultimately unstable) version of the theory in which the Fermi sea is only populated on 
one side (the right hand side) of the local maximum. The results can surely be adapted to 
the stable fermionic theory in which both sides are populated [laile]. 

Extensive work on this duality has mapped various quantities between the fermion 
description Q and the spacetime description 0. The basic quantities that are computed 
are the S-matrix elements for (in one frame) the scattering of tachyons off the tachyon wall 
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which is equivalent to (in the other frame) the scattering of deformations of the Fermi surface 
off the inverted oscillator potential daiaiiiiiii]. We will only need two results from this 
past work. The first is that the quantity /r appearing in Q and in the background ([^ is the 
same. In particular, this means that in order to access the weakly interacting semiclassical 
spacetime regime we must take /r —?• oo. As we will see shortly, this corresponds to taking 
a WKB limit of the fermionic wavefunctions. 

The second result we will take from past work is that, in the weakly coupled regime as 
oo, the fermionic coordinate A in ([^ is related to the spacetime coordinate x in (dlby 
the ‘time of flight’ relation Ed 

In the second relation we have used F(A) = — A^/2 and hence the turning point A*(/r) = 
a/ 2^. In fact, one can also take our results to be an alternative derivation of the relation 
(©, based on the need to recover the short distance entanglement 0 of a one dimensional 
massless scalar field from the entanglement of the matrix eigenvalues. Note that in Q we 
are sending positive A, to the right of the maximum of the potential, to negative spacetime 
coordinate x. 

Given the rather explicit map from the eigenvalue (= fermion) description to the emer¬ 
gent spacetime in this particular duality, there is a natural guess of which matrix quantum 
mechanics degrees of freedom will correspond to a given spatial region in spacetime. Namely, 
one expects that the eigenvalues taking some continuous range of values will map onto a 
region of spacetime according to the relation Q. With this in mind, we will proceed to 
compute the entanglement entropy of an interval in the theory of non-interacting fermions 
in an inverted harmonic oscillator potential ([^. As discussed above, we expect this to give 
a complete and manifestly UV finite computation of the entanglement entropy that is not 
accessible directly from the spacetime perspective of the action ([^. 

'^It is known that the relation ||^ is not precise [18]. The nonlocal nature of the full map between x and A 
is due to the existence of additional massive string states at certain discrete momenta m- It is appropriate 
to use the local map as we will do, to reproduce the contribution of the spacetime tachyon field to the 
entanglement entropy of a spatial region in the weakly coupled limit /r —>■ oo. 
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2 Entanglement and density fluctuations 


The entanglement entropy of non-interacting fermions in a region A can be expressed as a 
sum over cumulants of the particle number distribution 


( 10 ) 


3 + 45 '^^ + 945 '^^ + 


Here 


yM _ ( 


log ( 


J^Na ^ 


A=0 


with the integrated density operator in the region A given by 


= [ dX n(A). 
Ja 


( 11 ) 


( 12 ) 


The expression for the entanglement entropy in terms of density fluctuations is ultimately 
derived from the explicitly known reduced density matrix of a region for a system of non¬ 
interacting fermions. In particular, the reduced density matrix and entanglement entropy 
of a region can be expressed both in terms of the matrix of fermion two point correlation 
functions [21] and also in terms of the matrix of fermion wavefunction overlaps in the region 
I . We also found the further discussion in [23| helpful. 


The expansion of the entanglement entropy in terms of the density cumulants in (10) 


will be especially useful for us for the following reason. It has been found that the leading 
singular behavior of the entanglement entropy in the limit of large fermion occupation 
number is determined by the second cumulant alone |24l I25j . We will see shortly below 
that the large fi limit of interest to us is a WKB limit for the fermions and hence indeed 
corresponds to large fermion occupation number. Therefore, we can expect that to leading 
order in the large /r limit 

Sa = y ^ = y - AX)) (n(A')) ). (i3) 

( 2 ) 

Actually, this result - that one can restrict to ' to leading order - has not been shown 
for noninteracting electrons in an arbitrary potential. In the additional limit in which the 
size of the entangling region becomes small relative to the scale of variation in the potential 
(this is the limit considered in |8l|9]) , then the cancellations described in [23] for the short 
distance engagement will occur independently of the form of potential. We will see below 
that we can do better than this, by noting that in the WKB limit the singular contributions 
to all of the cumulants are functions of the time of flight variable 
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The density operator is given by the second quantized fermionic field operators 'h as 


n{t, A) = A)'h(t, A). 


(14) 


The field operators can be expressed in terms of creation and annihilation operators weighted 
by energy eigenfunctions of the associated single particle Hamiltonian: 


That is 


J —OO 

1 


2 dA2 


+ ■ 


(15) 


(16) 


Note that v is minus the energy. Similarly /x will be the chemical potential measured 
downwards towards negative energies, so that the state satisfies 


au\^J) = 0 , if IX < /i , 
atl/x) = 0 , if u > fj,. 


(17) 


In (15) one often includes a sum over parities of the wavefunctions (e.g. [IS])- However, we 
are interested in a background in which the Fermi sea is filled only on one side of the local 
maximum. The relevant states therefore have wavefunctions of the form -0 = 


that vanish on one side of the potential in the WKB limit. The density correlation in (13) 
is at equal times. Standard manipulations then give |26) 


roo rfi 

(n(A)n(A')) - (n(A)) (n(A')) = / dv2'ipv2W'4^u2{>^) ■ (18) 

J a J —OO 


We have used the fact that the wavefunctions will be real. 


3 Computation of the particle variation 


It is clear that to evaluate the entanglement entropy, following equations (13) and (18) 
above, we need to compute the integrals 


‘iSA = TT dui 

I fj. 


f 

J U 


OO pfi / rX2 

^ di'2{ dX'iljyj^{X)'ilJu2W 

a \JXi 


(19) 


We have taken the region A to be the interval [Ai,A 2 ]. The A integral is immediately 
performed by noting that 

■ A 2 

- Ai 


r'dAV’.,(A)V’.,(A)= ^ ^ 

JXi 


2vi — V2 




dX 


-V’V2 - V'i.i - 


dX 


( 20 ) 
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This result follows directly from the Schrodinger equation 


1 


+ V{\)'il)p = -ui/jp 


(21) 


In particular, (20) is exact and does not depend on any WKB limit. It also does not depend 


on the form of the Schrodinger potential. 

We specialize now to the potential of interest B(A) = —A^/2. The occupied states have 


u > ^ in the Schrodinger equation (21). Therefore u is large in the large fj, limit, and the 


wavefunctions are correctly captured by a WKB limit. Of course, the WKB description 
will break down sufficiently close to turning points, but we will see that these regions are 
not important for the quantities we are after. Performing the standard matching across 
the turning points, the WKB wavefunctions for A > are, up to corrections that are 
exponentially small at large /x, 


^z/(A) = sm 


TT 


where 


So that 


y/irp 

p = \/A2 — 2z/ . 


I pdX — 

4 


Pp{X) = f pdX = ]- ( Xy^X'^-2v-2ulog ^^ ^ 
JV^ ^ \ \2v J 


( 22 ) 


(23) 


(24) 


The normalization of (22) follows, for instance, from taking the WKB limit of the full delta 


function normalized wavefuntions written in terms of confluent hypergeometric functions 
(e.g. [26jl. Our wavefunctions have an extra y/2 in their normalization relative to [2S]) as 
we are restricting to modes that are zero on one side of the local maximum. 


The integrand obtained from substituting the WKB wavefunctions (22) into (20), and 


then squaring as required by (HI), can be written as exponentials of linear combinations of 

(Ai), Pi/ 2 (Ai), Pj/i (A 2 ), T’i/ 2 (A 2 ). Many of these terms are oscillatory. Upon integration, 
the oscillating terms experience significant cancellations. There are no stationery phase 
points in the region of integration and hence the oscillating terms vanish in the WKB limit 
/X —?• 00 . In order for the oscillations to be tamed, the exponents must cancel. This can 
happen in two ways. Firstly the exponent can cancel exactly, to leave a non-oscillating term. 
Secondly, the exponent can take forms such as Pi/j(Ai) — Pp 2 {Xi). These terms oscillate, 
but for ~ 1^2 the two terms almost cancel and the oscillations are slowed down. 

To do the necessary integrals, it is convenient to make the change of variables 


ui = p + v + 5 , 1^2 = P + v - 5. 


(25) 
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The integrals become 


roo roo p5 

/ dui / di '2 — ^ j d 6 dv. 

J a J—oo Jo J—5 


(26) 


In these variables we see that when ~ then <5 is small. Furthermore, we see that when 
5 is small then v is also necessarily small. Therefore, to firstly try to isolate the oscillating 
contribution with ~ V 2 , we can expand the integrand in (19) for ui and 1^2 close to /x. 


Clearly, this is a contribution from fermions close to the Fermi surface. We find that (19) 
becomes 

r-5 


lose. - 


/•oo no 

/ 

Jo J -5 


4(52 


sin ( 2 s t(Ai)^ — sin (26 r 


1 2 


- 1 


(27) 


Here we defined the ‘time of flight’ as in ([^ 


= - 


dX' 


\/2 Jx.iu) 


= - log 


A + '\/A2 — 2/i 

^/ 2 J], 


(28) 


The integrals in (27) can be done exactly. The answer is, again in terms of the time of 
flight variable. 


lose. = 7 E + log e + log 


r(A 2 ) -r(Ai) 1 
'r(A2) + r(Ai) 2 


log (^ 16 r(Ai)r(A 2 )^ 


(29) 


Here e is a cutoff on the lower (i.e. near 0) end of the 5 integral. This divergence will be 
cancelled by the non-oscillatory part of the integral to be considered shortly. The integral 


is convergent towards large <5. Indeed, we see in (27) that the dominant contribution to the 
integral comes from S < [t(Ai/ 2 )]~^ ^ 1 (we are assuming here that Ai and A 2 are not too 
close to t/S/x, as is indeed required by WKB), showing that it is consistent to have isolated 


the small 6 region in the way we have done. An expression closely related to (29), for the 
WKB limit of the density two point function, can be found in 


The above computation in fact goes through for electrons in any potential F(A). The 


result is always (29) in terms of the time of flight variable for the potential. Furthermore, 
the contribution of these modes close to the Fermi surface to the higher cumulants in 


( 10 ) is easily seen to be only a function of the time of flight variable (28). 


The non-oscillating contribution to the integral (19) is also transparently discussed in 


terms of a general potential K(A). Once the A integral has been performed using (20) above, 
the non-oscillating part of the integrand for the ui and 1^2 integrals is /(Ai) -|- /(A 2 ), where 

/(A) = 


-F(A)-z/i , -V{\)-U 2 


1 j,2)2 [ Y -F(A) - ZX 2 ^ Y -K(A) - x/i 


(30) 
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We only kept terms here that are leading order in the WKB expansion. The remaining 
terms vanish as /r —>■ oo. By again transforming to v and b coordinates as in (25), the 
integrals can be performed analytically. Performing the v integral leaves 


§2 (V-P(Ai) + 25 - v'-F(Ai) - 25 ) + (Ai A 2 )) . (31) 

Rather than doing this integral explicitly, we need to think at this point about the limits 
of integration. Firstly, note that there is a divergence as J —>• 0. If we put in a lower cutoff 
at e, we see that the divergent contribution is 


- log e, 


(32) 


which exactly cancels the divergence we found in (29). Therefore, the full answer has no 
divergence in the contribution from near the Fermi surface. This is a crucial part of our 
result which ensures that the entanglement entropy is manifestly finite. 


The integrand in (31) becomes complex for 25 > —V{\i/ 2 )- This is because the integral 
goes outside the regime in which the oscillating WKB wavefunction (22) is valid. Outside 


the oscillating region, the wavefunction is exponentially small. The trick we used in (20) 
remains valid in all regions. Therefore, all we have to do is set the wavefunction to zero 


whenever one or both of the limits of the A integral in (20) is in the classically forbidden 


region. Taking this into account, the total expression becomes 


dv2 


.\\I 2 




r'Ai/2 


di2iI{X2) 




(33) 


with /(A) given in (30). These integrals are easily done and we obtain (with K(A) = — A^/2) 

(34) 




non-osc 


. = 7 ^ log [(A? - 2 n) {xl - 2 ^)] - loge. 


Putting the above together (i.e. 3Sa = lose. + Inon-osc.), and using the inverse relation 

A =-y/^coshr(A). (35) 


to (28), i.e 


we finally obtain the entanglement entropy 

rS) + ((V) + \ ‘°^ (^(■^l)^(^^>) +' 11 ^ + l°g^ 

+ log ^2/rsinhr(Ai) sinhr(A 2 )^ . (36) 

This is our answer. From the point of view of the collective bosonized excitations of the 
Fermi surface, it is natural to introduce the ‘string coupling’ m 

^ = 2/isinh^ t(A) . (37) 

gs[x) 
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Under the identification (§, in which r(A) = x, this expression does not map directly onto 
the target space string coupling Q. However, in the limit in which the expression Q for 
the coupling can be trusted, x ——oo, then indeed we have 

9s{x) , 


gs{x) = 


2/r 


—oo 


Using (37) we can rewrite (36) as 


‘S'a = - log 


X2 — Xl 


+ 


1 


16 XlX2 


, w . . + ^ + 

V9^ixi)gsix2) 6 (xi+X2)2 3 


(38) 


(39) 


The dots denote the contribution from the higher cumulants in (10), that we discuss shortly. 
In this formula we used the identification ([^ to set r(Ai) = X 2 and r(A 2 ) = xi (we flipped 
the numbering 1 -f-)- 2 to preserve the ordering under the change of sign as A -H- x). This is 
our final expression for the entanglement entropy of the region [xi,X 2 ] in the target space 
theory. It is manifestly hnite. We noted in (j^ and ([^ that the result reproduces the 
expected entanglement due to the tachyon field in the emergent spacetime, in the regime in 
which the comparison can be made reliably. 

We have already mentioned the results in |241 [25]: that the leading logarithmically 
singular term in the entanglement entropy at large particle number is entirely captured by 
the second cumulant . We argued that for a region [Ai, A 2 ] that is very small compared 
to the scale of variation of the potential, this result should hold for fermions in any potential. 
To leading order this singular term would go like log(A 2 — Ai). We have seen that this term 
arises due to modes close to the Fermi surface. We furthermore noted that the contribution 
of these modes to all the cumulants are functions of the time of flight variables t(A). 
Taken together, these observations suggest that the whole log[T(A 2 ) — t(Ai)] term found in 


(36) is reliable. This is a stronger statement. We have checked this stronger statement by 
verifying the absence of a log[r(A 2 ) — t(Ai)] term in the first higher cumulant correction. 




Therefore, we expect that the first term in the hnal result (39) correctly captures 
the leading non-analyticity in the entanglement entropy as xi —)> X 2 at any x. We do not 


have an analogous argument for the remaining terms in (39). Numerical investigation of the 
correction suggests that these terms do receive corrections, and hence are not reliable, 
although it is possible that they describe additional structure in the entanglement due to 
the nonlinear physics of the tachyon field coupled to the non-uniform background tachyon 
condensate. 

The cutoff in the short distance target space entanglement, as evidenced in the compar¬ 
ison of @ and (§, arises technically from the fact that the inverse string coupling (|37|) is 
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essentially the depth of the Fermi sea at the point A. This finite depth provides a cutoff on 
the number of modes that are entangled, as was emphasized in BM- Therefore, the cutoff 


in the first term in (39) should also be robust, to leading order in the WKB limit, against 
corrections from the higher cumulants |24l |25] . We have explicitly checked that there is no 
logarithmically large contribution to the non-oscillating part of . 


4 Discussion 

We have shown that the emergent semiclassical locality in two dimensional string theory 
can indeed by seen by partitioning the underlying quantum mechanical Hilbert space in the 
expected way. Namely, the degrees of freedom in some interval of the emergent target space 
are described by the eigenvalues of a matrix quantum mechanics that take values in some 
corresponding range. By explicitly calculating the entanglement entropy, we identified the 
large amount of short distance entanglement expected due to emergent locality. We found 
that this accumulation of entanglement is cut off, from the spacetime point of view, by a 
nonperturbative ‘graininess’ at a scale set by the (spatially varying) string coupling constant. 

The emergent locality that we have diagnosed through entanglement goes all the way to 
the spacetime UV cutoff scale. Recent works in the AdS/CFT correspondence have noted 
that an emergent coarse-grained locality, at the larger AdS scale, can be represented by the 
entanglement structure of a tensor network [SHIEHIEQIEI]. This ‘skeleton’ of the emergent 
spacetime needs to be fleshed out with a large N number of degrees of freedom, that can 
then provide locality of the sort we have described: down to a microscopic scale. The single 
matrix quantum mechanics we have studied is not powerful enough to produce spacetime 
physics with a hierarchy of scales. We hope that a similar perspective to the one we have 
taken can be applied also to more complicated theories of matrix quantum mechanics. 

Our investigation was oriented towards using entanglement as a diagnostic of emergent 
locality. We argued that the entanglement entropy we computed should be understood as 
the entanglement of the tachyon field in the emergent space. In physically richer theories 
of quantum gravity, the entanglement of helds in the emergent spacetime will come hand 
in hand with the entanglement of microscopic ‘stringy’ degrees of freedom that act as the 
‘architecture of spacetime’ [32l |33l |3ll ES]. Thus, the understanding of emergent locality 
in fully fledged quantum gravity theories, using the perspective advocated here, will likely 
be closely tied to a deeper understanding of the Bekenstein-Hawking entropy of black holes 
[Ml EZ! as well as the Ryu-Takayanagi formula [38]. The singlet sector matrix quantum 
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mechanics we have studied is not expected to capture black hole thermodynamics nor, 
likely, Ryu-Takayanagi type spacetime entanglement. See, for instance, the discussion in 
|39j and references therein. 

Still within two dimensional string theory, part of the power of the free fermion descrip¬ 
tion is that the Schrodinger equation for non-interacting fermions in an inverted harmonic 
oscillator can be solved exactly in terms of confluent hypergeometric functions, without 
needing to take the ^ oo WKB limit. Study of the entanglement entropy in this more 
general case offers to shed light on the spacetime string theory away from the limit of 
weak interactions. While locality is likely to become blurry in this case, the linear dilaton 
background gives a diffeomorphism-invariant ‘labeling’ of points in space. 
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